Abstract Naval operators commonly report that when projectiles impact the ocean surface, they ricochet mainly to the right but that some rounds ricochet in wildly unpredictable directions. This observation, which leads to considerable uncertainty with regard to the resulting hazard zone for projectiles fired at sea, seems contradictory to observations from controlled experiments where projectiles with similar incident angles tend to ricochet in a more predictable manner. In this paper, we postulate that the likely cause of the discrepancy is ocean waves. Past work examining the effect of waves on ricochet is extended to model the risk area related to projectile ricochet at sea. Ricochet results from controlled experiments are incorporated into a simple model that combines a two-degree-of-freedom ballistic model and a series of analytically derived wave fields with different amplitudes and directions of travel. For the purposes of demonstration in this paper, data for different .50 calibre projectiles are used to populate the model. The results support the notion that waves have a considerable effect on ricochet hazard zones.
Introduction
When conducting military exercises and operations at sea, the risk of projectiles striking and ricocheting from the water surface presents a difficult problem for planners and operators. Ricocheting projectiles have the potential to travel large distances, but ricochet properties and the resulting hazard zones are difficult to quantify. Overestimating the size of the hazard zone will pose unnecessary restrictions on the conduct of exercises and operations, while underestimating it could have more serious consequences.
Assessing hazard zones related to projectile ricochet at sea remains a difficult task to say the least. Tracking projectile ricochet in the field is a tremendous challenge, especially given the size of projectiles and the distance they can travel. As a result, ricochet of projectiles is usually examined through theoretical treatments, high-resolution numerical simulations, or controlled laboratory experiments. In numerical simulations and laboratory experiments, ricochet is assessed under impact with a flat water surface (a tank of water in the experimental scenario). In these experiments, the probability of ricochet is measured against input parameters, such as the incident speed and incident angle. In the cases where ricochet does occur, the speed and direction of the ricocheting projectile can be measured or inferred.
While laboratory methods may provide good estimates of ricochet under flat-water conditions, their extrapolation to real-world environments, particularly ones involving large bodies of water, such as lakes or oceans, can be problematic. The presence of waves adds an uncertainty as the slope of the water surface can tilt the effective incident angle considerably. 1 Waves are thus expected to change the probability of ricochet and the post-ricochet properties of incoming projectiles.
Research into the effect of waves on ricochet is relatively sparse. 1, 2 Work to date has focussed primarily on the probability of ricochet and the ricochet properties, but has not considered the effect on setting a hazard zone. Existing efforts have assumed a sinusoidal wave form, 1,2 appropriate for low-amplitude waves but not representative of the wave shapes often seen on large bodies of water. 3 Despite these limitations, the following insights can be extracted from past work examining waves.
• The fastest ricocheting projectiles are those with the smallest interaction with the water surface. They ricochet in a relatively predictable direction (azimuth variation of about 10 ). 4 • Projectiles that ricochet with a less predictable direction of travel tend to travel more slowly. 4 • When waves are traveling in the same direction as projectile travel, the steep wave faces decrease the probability of ricochet, with those that do ricochet tending to do so at lower speed and in less predictable directions.
1,2
• When waves are traveling in a direction perpendicular to projectile travel, the effect of waves tends to be minimal. There may be some (minor) redirection of ricochets due to the tilting surfaces, 2 but ricochets remain relatively stable. This paper extends past work, applying modeling and simulation techniques to estimate hazard zones due to ricocheting projectiles. A variety of configurations are considered, which combine five target ranges. For each range, the ricochet paths for a number of different waves traveling in different directions are considered. As with past efforts, the wave fields remain theoretical and are in that regard simplified. In this work, however, a nonlinear wave field is applied.
Data available for this study are relatively limited. As a result, a blend of different types of .50 caliber ammunition is used to demonstrate the approach. Projectile drag coefficients used in the trajectory model are representative of the .50 Cal M33 Ball, 5 while ricochet properties are characterized from a combination of .50 caliber munitions (K50 BMG, .50 Cal Ball M2, .50 Cal AP-T C44). 4 The remainder of this document is structured as follows. We introduce the methodology applied to the problem before defining the scenarios entertained in the modeling. Results are then presented, followed by a discussion and conclusions.
Model
The risk templates are generated using a model that includes a series of steps:
1. for a target at some range R and a gun at some height h, use a trajectory model to identify the impact speedÛ and impact angleθ for a projectile that impacts the water surface at a range R; 2. using a mathematical model of the waves, identify the expected probability distribution of an effective impact angleθ 0 relative to the local slope of the wavy surface; 3. using data from the laboratory experiments, estimate the distribution of expected ricochet characteristics relative to the wavy surface; 4. estimate the distribution of post-ricochet flight paths using the trajectory model; and 5. define the hazard zones based on the flight paths mapped out in Step 4.
Below, the pieces are stitched together by providing the information in a more layered fashion. It begins by describing the ricochet model, which is based on data documented in past work. 4 Next, the method for incorporating waves is presented. Details of the algebra used to cast the incoming projectile path into the wave-based coordinates and to then return the ricochet properties to the reference coordinate system then follow. Finally, the projectile model that is used to identify the pre-and postimpact trajectories is described.
Throughout this section of the document, mathematical symbols use the following convention. All vector quantities are presented as bold-faced items, while scalar quantities are not (e.g., x = ½x, y, z T ). Projectile properties before ricochet have a ''hat'' on top of them (e.g.,û), while those after ricochet are marked with a tilde (e.g., e u). Any properties that are reported in a coordinate system that is rotated to align with the wavy surface (where the coordinate pointing ''up'' is normal to the local wavy surface rather than vertical) are marked with a ''prime'' (e.g.,θ 0 ), while those in the reference coordinate system (where the upwardpointing coordinate is indeed vertical) are not (e.g.,θ). A definition sketch defining the coordinate systems and key angles is presented in Figure 1 .
Ricochet model
The ricochet model developed in this paper is based on data from past work, 4 hereafter referred to as BB12. Results from that paper permit estimation of the probability of ricochet, the speed lost on ricochet, the azimuthal deflection after ricochet, and the angle of ricochet. It is noted that, with the exception of the speed lost on ricochet -the equation for which is extracted directly from BB12 -the terms defined below involve some uncertainty. Hence, to employ the model developed in this paper, it is necessary to carry out a series of Monte Carlo simulations and to overlay the results to identify the operational risk area related to ricochet.
2.1.1 Probability of ricochet. In BB12, results from laboratory settings are compared to fits to the theoretical method described by Hutchings. 6 For each of three classes of .50 Cal projectiles, the BB12 laboratory results indicated a ricochet angle between 15 and 20 . The theoretical approach tends to over-estimate the laboratory results slightly (with critical angles of 23 , 21 , and 18 for the three different classes of .50 Cal rounds examined by BB12), possibly because the Hutchings equation assumes the direction of spin is the same as the velocity (which is not the case for a bullet). In this report, ricochet data kindly provided by the authors of BB12 are used to infer the probability of ricochet (Figure 2 ). Because BB12 reported some variability in the probability of ricochet over different projectiles considered and because BB12 reported a range over which ricochets decreased with the critical angle lying between the interval of 15 and 20 , the probability of ricochet is fit to a logistic regression, that is:
where the coefficients are found to be β 0 = 6:96 and β 1 = À 1=1:99 through a nonlinear least-squares fit. The resulting probability of ricochet curve is shown as a solid line in Figure 2 . The figure also shows the data from the ricochet experiments (vertical markers) where points aligned with P ric = 1 indicate ricochet and points aligned with P ric = 0 indicate no ricochet. As laboratory results show cases of ricochet and no ricochet in the range of 10 <θ < 16 , logistic regression was deemed an appropriate method of fit in this case.
The dashed line in the figure shows the speed lost upon ricochet, described below. Note that the overal risk model developed here will have limited sensitivity to any minor variations to the shape of the P ric curve fit due to the fact that by the time the the incident angle isθ = 11:1 , the probability of ricochet will have dropped to 80%, but the speed lost upon ricochet is 92%. Assuming the kinetic energy of the projectile scales with the square of its translational speed, then over 99% of its kinetic energy would have been lost during ricochet. Hence, any such ricochets would be quite weak and have limited impact in the resultant risk model.
2.1.2
Speed lost upon ricochet. BB12 fits the fraction of speed lost upon ricochet to a Weibull cumulative distribution, which is equivalent to the following:
where e U is the post-ricochet speed,Û is the impact speed, and terms γ and k are the scale and shape parameters of the Weibull distribution, respectively. For this report, it is assumed that the ricochet characteristics are for the 0.50 Cal Ball M2 projectile, for which BB12 reports γ = 7:37 and k = 2:258. Using Equation (2), the fraction of speed lost on ricochet can be written as follows:
The modeled relationship between the incident angle and the fraction of speed lost in ricochet is presented as the dashed line in Figure 2 . It is noteworthy that the model for removes some of the sensitivity in the exact nature of the probability of ricochet curve: by the time the impact angle reacheŝ θ = 15 (where P ric = 0:36), the fraction of speed lost on ricochet is > 0:99. This angle matches the onset of the critical angle reported by BB12 (the authors reported 15-20 ); however, any ricochets that may occur at or above this incident angle will have minimal effect on the risk model as the ricocheting projectiles will do so with barely any momentum.
2.1.3 Azimuth deflection upon ricochet. BB12 reveals a relationship between change in speed after ricochet and azimuth deflection for several .50 caliber rounds, which is reproduced in Figure 3 (a). The figure includes a pair of dashed lines that provide an envelope of possible azimuth deflections seen in their experiments. These lines can be fit to the linear form:
where B = À 10:1 and A = 68:7 for the upper line and À15:5
for the lower line. If one assumes B to be fixed, then for all e φ-pairs in the BB12 dataset, one can infer a value for A as follows:
The distribution of A-values extracted from the BB12 dataset is presented in Figure 3 (b). In this report, post-ricochet azimuth deflection was estimated as follows. For a given impact where ricochet is expected to occur, an A-value is selected from the distribution presented in Figure 3 and is calculated using Equation (3). This pair of values is used to estimate e φ using Equation (4).
Ricochet angle.
An estimate for the ricochet angle e θ is also based on data for .50 calibre rounds from BB12, specifically from their Table 3 . This table includes incident angle and ricochet angle measurements from their experiments. Figure 4 shows the BB12 results, as well as a fit to a sigmoidal curve used for the present model. The sigmoidal curve was used to predict the ricochet angle and is defined as
where e θ * is a prediction of e θ and ψ 0 , ψ 1 , ψ 2 , and ψ 3 are parameters used to fit the sigmoid function. The values of these parameters are found by minimizing the cost
where I is the set of observations extracted from BB12. A least-squares minimization on J results in the following values for the ψ-parameters: ψ o = 8:16 , ψ 1 = 43:31 , ψ 2 = 11:83
, and ψ 3 = 0:61
As is clear from Figure 4 , there is significant variation of the results, particularly for higher values ofθ. Based on the -values related to these ricochets ( Figure 2 ), this variation at high impact angles is not expected to have much effect on hazard zones. To capture variation of the postricochet velocity in the risk model, it was assumed that, when examined locally, the deviation of the data points from the sigmoidal fit was normally distributed. This assumption implies that the distribution of possible e θ-values that may result from a particularθ-value will have a mean e θ * as described by Equation (6), with the standard deviation of the residuals estimated as follows:
where K n is the set n of observations closest to the prediction point. In this report, we set n = 5 and smooth the function σ local with a 1 boxcar filter to generate σ local , which is shown in Figure 4 .
Wave model
While the wave field used in this report differs from previous wave-ricochet models, 1 the underlying assumptions remain the same. Assuming that gravitational forces are small compared to those related to ricochet, ricochet results from flat-water experiments can be applied to a wavy surface by approximating the impact location as a planar (rather than curved) surface. 1 This approximation, which holds for waves of sufficient length relative to the grazing distance of the ricocheting projectile, is reviewed in the discussion.
Wave field.
In past efforts, 1 ricochet properties assumed waves were sinusoidal. By contrast, the current study considers a trochoidal wave shape, 7 which more closely matches the shape of waves as they approach their breaking limit (the symmetric nature of these waves does deviate from the expected wave shapes observed in fully developed seas 8 ). For a trochoidal wave, the surface displacement is described with the parametric curve:
where r is a coordinate in the direction of wave travel, β is a free parameter, α = 2πη o =l is a steepness parameter, η o is the wave amplitude, and l is the wavelength. Figure 5 shows the resulting wave shapes for several possible α-values. Note that in the bottom panel where α = 0:45, the wave is near its breaking limit; if α were to increase further, this would lead to wave breaking, which would dissipate energy, resulting in a decrease in wave amplitude and hence α. The slope of the wave at any point r is equal to 
If we assume the wave is propagating in some direction È o relative to the direction of projectile travel before impact, and if the projectile is traveling in the x-direction, then the coordinate r is defined as r = xcosÈ o + ysinÈ o , and the slope of the wave surface 
2.2.2 Effective angle and probability of impact. If a projectile with incident angleθ impacts a planar surface with a slope ∂η=∂x in the direction of projectile travel, then the effective incident angle is described aŝ
In addition, different parts of the wave will have different probabilities of impact. 1 For example, the front face of a wave will have a higher probability of impact than its lee.
The approach for identifying the probability distribution ofθ 0 has been examined previouly. Figure 6 , which includes four panels. Figure 6 (a) shows the wave height anomaly η versus the horizontal coordinate r, as defined by Equation (9) , and is identical to the wave shown in the bottom panel of Figure 5 . As È o = 0, x and r are identical in this case. The series of gray lines represent evenly spaced potential incoming paths for a projectile witĥ θ = 15
. Figures 6(b) -(d) illustrate how to calculate the probability distribution for the effective incident angle once corrected for the slope of the wave at the site of impact. Figure 6(b) shows the effective impact angle of the incoming projectile for different parts of the wave using Equation (12), with the horizontal dotted line showingθ. Not surprisingly,θ 0 =θ at r = 0, r = l=2, and r = l-more generally at r = nl=2, where n is an integer. Not all parts of the wave are likely to have the same probability of impact. As seen in Figure 6 (a), there is a shadow zone in the wave where the probability of impact is zero. The shadow zone exists when the condition ∂η=∂x < À tanθ exists for part of the wave. If it exists, the shadow zone begins at x s , the instance after the wave crest where ∂η=∂x = À tanθ. At this point, the wave amplitude is η s . The β-value, β s , for this point is found by solving
If a shadow zone exists, 0 < β s ≤ π=2, as β = 0 marks the wave peak and β = π=2 marks the inflection point on the lee-face of the wave. Using the trigonometric identity sin 2 β s = 1 À cos 2 β s , one can square (13) and solve for the resulting quadratic to give
where
Thus, given that the shadow zone will start in the range β = (0, π=2, one can expect a shadow zone when (4α 2 À 1)C ≥ 1 and a solution to Equation (14) exists with 0 ≤ cosβ s < 1.
The shadow zone will end some distance χ further along the wave profile, where η= x = tanθ. Noting that x = r=cosÈ o and that the shadow zone starts at β = β s , the shadow zone ends at β = β s + β χ , where Figure 5 . Trochoidal wave shape for increasing α-values. When α = 0:05, the wave is near-linear and well approximated by a sinusoidal wave. As nonlinearity increases, peaks steepen and troughs lengthen. As α exceeds 0.45, waves reach the breaking limit.
from which the value of β χ may be found using numerical methods.
Within the shadow zone, the probability of impact P I is zero. Elsewhere along the wave front, it depends on projection of the projectile velocity onto the unit vector normal to the surface. (This treatment is akin to the concept of flux in fluid dynamics or electromagnetism.) Thus, the probability of impact at some point x is
where δx is an infinitesimal region around x,û is the incoming projectile velocity,
is a unit vector that is normal to local surface and
2.3 Casting projectile properties into and out of the wave-based coordinate system
The section presenting the ricochet model describes how ricochet properties were inferred from the incident angle, and that describing the wave model discusses how the wavy surface would alter the expected incident angles. This section provides the algebra required to take the ricochet properties inferred from the ricochet model, in particular e θ 0 and e φ 0 , and rotate them into the more natural coordinate system.
If one defines the coordinate system such that the projectile is traveling in the xz-plane prior to ricochet (i.e., so that u does not include a y-component before ricochet), then the direction that is perpendicular to both z 0 , which is given in Equation (18), and the direction of projectile travel is as follows:
Given y 0 and z 0 , one can define the direction that with z 0 contains the projectile path to be
Fromû,û 0 can be calculated as 
where y 0 ·û ≡ 0. Fromû 0 ,θ 0 may be calculated aŝ
The ricochet model presented earlier can then be applied withθ 0 replacingθ and the results providing , e θ 0 , and e φ 0 . In the wave-based coordinate system the post-ricochet velocity will be e u 0 = U cos e θ 0 cos e φ 0 , cos e θ 0 sin e φ 0 , sin e θ
This same velocity in the reference coordinate system is e u = U cos e θ 0 cos e φ 0 x 0 + cos e θ 0 sin e
which is then used in the trajectory model to estimate postricochet hazard zones.
Trajectory model
As this report uses openly available data to map the hazard zones, and as the only ballistic information found was the drag coefficient for the .50 Cal M33 Ball, 5 the trajectory model applied is a simple two-degree-of-freedom physical model in which the projectile position x at some time t relative to its position x 0 at a time t o is simply as
where u = (u x , u y , u z ) is the projectile velocity. The projectile speed evolves in time as
where m is projectile mass, g is gravitational acceleration, ρ is the density of air, A is the cross-sectional area of the projectile, C D is a drag coefficient, and U = jjujj is the projectile speed. The value of C D is not constant, but varies with the Mach number Ma = U =c, where c is the sound speed. In present study, we use the relationship between C D and Mach number for the .50 Cal M33 Ball, 5 shown in Figure 7 . The projectile mass and muzzle velocity are taken as 45.8 g and 887 m/s, respectively. 9 Of the parameters used in Equation (27), both ρ and c are dependent on atmospheric conditions. In this report, an International Standard Atmosphere (ISA) 10 is assumed, resulting in the profiles of ρ and c given in Figure 8 . Note that in the figure, both ρ and c are normalized by their values at sea level, that is, ρ o = 1:22 kg=m 3 and c o = 340:3m=s.
The projectile velocity is found by solving Equation (27) with a Runge-Kutta scheme and the projectile position is found by solving Equation (26) using Simpson's rule. In both cases, a time step of 0.001 s is used.
Scenarios
The model described above was used to define hazard zones for projectiles ricocheting from a wavy surface. The model was used to consider how range and wave field affected the hazard zone by exploring the parameter space presented in Table 1 . Note that the height from which shots were fired was held constant at h = 10 m. For each input set in Table 1 , a total of 10 5 projectile impacts were simulated. Resulting ricochet paths were calculated and then mapped onto a grid with spacing x = 100 m, y = 50 m, and z = 10 m.
Results
The scenarios listed in Table 1 produce O(10 3 ) combinations, far too many to discuss individually. Here, hazard zones are plotted for a representative sample of ensembles to illustrate the relative effects of range (R), wave steepness (s), and wave direction (È 0 ). When È 0 = 90 , the effects of waves are marginal 1 and virtually all rounds are expected to ricochet along a somewhat predictable trajectory in the model. Because such a high ricochet rate is not expected for other scenarios, the resulting signal when È 0 = 90 is thus abnormally strong and tends to obscure other patterns in the results. For this reason, results with È 0 = 90 are omitted from the ensemble averages when exploring the effects of range and wave steepness below.
Effect of range
Range is expected to play an important role in ricochet characteristics because it affects the impact angle. Projectiles with steeper impact angles will have a smaller shadow zone and will thus have the potential to hit more parts of the wave face ( Figure 6 ). Figure 9 shows the modeled impact angle as a function of target range out to 550 m. For the range values considered in this paper (Table 1) , the impact angle decreases with increasing range, although eventually it would begin to increase again. Thus, as R increases, one can expect the following:
1. in a flat-water environment, the probability of ricochet will increase and the fraction of speed lost on ricochet will decrease ( Figure 2 ); 2. for cases where the waves are traveling across the wave field, that is, when È 0 is close to ± 90 , projectiles behave in a manner similar to the flat-water case 1 ; and 3. in other wavy environments, projectiles will be more likely to impact the steepest part of the wave face ( Figure 6 ), thus decreasing the probability of ricochet ( Figure 2 ).
The expectations listed above are consistent with the model results presented in Figure 10 . Figures 10(a) and (b) show the projected ricochet hazard zones for R = 200 m and R = 400 m, respectively. The top frame in each panel shows a cross-section view (Rz-plane), while the bottom frame shows a plan view (xy-plane). For the top frame, the shading scheme shows the probability of a projectile passing through a 100 m-by-10 m (R-by-z) ring at a given range and height. For the lower frame, the color scheme shows the probability of passing over a 100 m-by-50 m (xby-y) area. Shading delineates a log scale where each successive darkening indicates a 10-fold increase in the probability of a projectile passing through the area. Although Figure 10 (a) is an ensemble average for runs with R = 200 m, it is representative of the results for R = 100 m and R = 300 m as well. Results for R = 400 m and R = 500 m were also similar to each other.
Compared to R = 400m, the darker shading for R = 200m in Figure 10 indicates a higher probability of ricochet. Coupled with the wider span of the hazard area, one can conclude that there are more ricochets traveling over a larger area at shorter ranges. This result is somewhat counter-intuitive in the context of Figure 9 , which shows that the impact angle is higher at R = 200m than at R = 400m, and the general pattern shown in Figure 2 , which shows that the probability of ricochet tends to decrease with increased impact angle. As proposed above, however, this difference is due to the waves and the resulting change in the impact angle. Inspection of the case where R = 400m shows that most ricochets have a rightward deflection of about 10 , which is expected when the fraction of speed lost on ricochet is around = 0:3 or less (Figure 3(a) ). This suggests that the ricochets that are occurring take place either when the direction of wave travel is near-perpendicular to the direction of projectile travel È 0 ≈ 90 ± 10 ð Þor when bullets are skimming off the tops of low-amplitude waves.
Effect of wave direction
The direction of wave travel strongly affects hazard zone characteristics. Figure 11 illustrates the difference in the modeled hazard zone when the wave crests are perpendicular to (È 0 = 0 ) and parallel to (È 0 = 90 ) the direction of projectile flight. The ensemble with È 0 = 0 has a much lower probability of ricochet, consistent with past work. The pattern seen when È = 90 , that is, a strong tendency for ricocheting projectiles to deflect by about 10 , is similar to that for R = 400m (Figure 10(b) ), except that the probabilities shown in the heat map are significantly higher in this case. The reason for the similarity is because in the case where R = 400 m above, ricochets occur off the crests of the waves whereθ 0 ≈θ. Figure 9 suggests that for the distance ranges considered,θ < 6 . Hence, for cases whereθ 0 ≈θ < 6 , one would expect a high probability of ricochet for all rounds impacting the water surface ( Figure  2 ). For the ensemble of scenarios where R = 400m, most rounds will not meet this requirement and most will not ricochet. By contrast, when È 0 = 90 , waves do not causê θ 0 to be much different fromθ so virtually all projectiles are expected to ricochet.
At the onset of this study, there was some concern that waves traveling in positive or negative directions (relative to È 0 = 0 ) may result in mildly different hazard zones. Considering (11) and comparing cases È 0 = u and È 0 = À u, it is clear that ∂η=∂x is the same for both cases but that the sign of ∂η=∂y changes from one case to the other. This aspect of the wave slope does impact the normal direction relative to the wave surface, that is, z 0 , but due to the resultant effect in x 0 , it will not alterθ 0 . The change in z 0 and the tendency for projectiles to ricochet away from the surface has the potential to change the ricochet properties, albeit slightly. A comparison of cases where È 0 = À 80 and È 0 = 80 is shown in Figure 12 . This pair of angles was selected for comparison because of possible È 0 pairs explored in the parameter space (Table 1) , the difference in ∂η=∂y is strongest for this set. 
Effect of wave steepness
As wave steepness increases, so too does the size of the shadow zone and the steepness of the wave face that remains exposed to the incoming projectiles. This result causes the probability of ricochet and the resulting range of the hazard zone to both decrease. Figure 13 presents the ensemble hazard zones for gentle (α = 0:05) and steep (α = 0:45) wave faces.
Discussion
The hazard zones presented in this work represent a first effort, to the knowledge of the authors, to assess hazard 
Ballistic model
The ballistic model applied in this study was a two-degreeof-freedom model that applies a form drag to define the trajectory. This model was used for two main reasons. First, the authors were lacking data to properly capture the higher order effects in the model. Second, given the large number of simulations completed and the computational resources available, application of a highly sophisticated ballistic model was not feasible.
Form drag estimates used in this study are expected to give relatively reliable results for impact velocity. After ricochet, however, some projectiles that lose a significant fraction of their speed during ricochet are expected become unstable and to wobble. 11 Trajectories for projectiles with these properties will not be well-replicated in the ballistic model used for this work, as they may veer off course from their initial ricochet trajectory. However, these same ricochets will have lost most of their kinetic energy during impact and are likely to lose any remaining momentum quickly after ricochet. Hence, the ultimate effect of using this simplified model is that it is likely that the model here will over-estimate the total range covered by these projectiles. As it is those that ricochet stably that define reaches of the hazard zones, it is believed that this limitation in the modeling approach is a secondary effect.
Wave model
The wave model used in this study is a significant advancement from that applied in past efforts, 1,2 but still falls short of replicating the complex wave fields observed in a fully developed sea. Rather than considering a full spectrum of waves traveling in a number of directions, the model here considers only a single wave train described by (9) .
Before considering more complex wave fields, it was felt appropriate to first identify the patterns expected for simple ones like those shown in this work. Still, there are some key differences between the waves used here and those observed in open seas. The waves used in this model must be long enough that the curvature of the wave surface can be neglected over the distance that the projectile is in contact with the water surface. To ascertain the effect of this limitation, assume that during ricochet, projectiles are in contact with the water surface over a grazing distance L = 1 m, which is consistent with laboratory experiments (Baillargeon, personal communication) . The wave equations presented above can be manipulated to show that the change in wave slope can be approximated as
cos 2 cosÈ ∂η ∂r
where Â is the slope of the wave surface. Hence, for a grazing distance L = 1m, the change in wave slope over the ricochet distance is Â = ∂Â=∂x. Figure 14 shows contours of Â for waves with α = 0:15 and 0:3, and for θ = 2 and 4 . Overlaid on the contours are depictions of the shadow zone (light gray) and a ''low-ricochet zone'' (dark gray) whereθ 0 > 10 . The low-ricochet zone was chosen arbitrarily based on the fact that by the timê θ 0 = 10 , the fraction of speed lost on ricochet exceeds 0.8 ( Figure 2 ). The two impact angles considered are representative of the two regions presented in Figure 10 . Figure 14 suggests that for gentle waves (α = 0:15), the steepest changes in wave slope over the grazing distance will tend to be of the order of 2:5 . This condition occurs on the wave peaks when È is small. Because the wave shape in the area of interest is convex Â < 0 ð Þ , it seems likely that this small difference will, if anything, increase the probability of ricochet and decrease the speed lost on ricochet. The authors make this inference since the wave surface is, in essence, bending away from the incoming projectile, making it easier for the projectile to escape the water. That said, in the absence of studies looking at the effect of this change, it is difficult to assess whether this assessment is correct and if the slope will significantly alter ricochet dynamics.
On steeper waves α = 0:3 ð Þ, it becomes evident that ricocheting projectiles will only tend to impact the wave crest, except when È begins to be large and the direction of wave travel is nearly perpendicular to the direction of the incoming projectile. However, like above, the waves tend to be impacting the convex region of the wave, so it is likely again that more may underestimate the probability of ricochet and over-estimate the speed lost during ricochet. In general, because the concave portion of the wave shape tends to lie in the shadow zone, it seems likely that for steep waves the model presented here may have a tendency to underestimate the probability of ricochet and over-estimate the speed lost on ricochet, particularly for steeper wave fields. It is difficult to quantify the degree of under/over-estimation but it is thought that the approach used here should still provide effective estimates of the ricochet hazard zones. Detailed experiments of numerical simulations would be needed to test this assumption.
Although the wave model used in this report is an advancement of the sinusoidal wave model used in past work, 1 it remains simplistic. A realistic wave field can involve a superposition of multiple wave fields, traveling in different directions and with different wavelengths. In addition, there will be small waves and ripples that may have the effect of roughening the water surface. The first effect can be modeled by reconstructing wave fields from statistical wave expectations of wave field properties, and then using an approach like that presented in Section 2 to determine the probability of impact across a range ofθ 0 -È o values. However, an understanding of the effect of small waves and ripples remains elusive. To the knowledge of the authors, there has yet to be a study examining ricochet properties for short waves where l and L are of similar order.
Sensitivity on Ũ
As expected, the speed of projectiles after ricochet decreases with the impact angle of the projectiles on the water surface. More specifically, the fraction of speed lost is approaching 1 when the angle of impact of the projectile with water is approximately 15
. Changing the expression for by altering parameters k and γ could alter the shape of the risk zones presented.
This sensitivity can be inferred by comparing the differences in the relative log likelihoods of projectiles passing through the areas in Figures 10 and 13 . In the case shown in Figure 10 , the risk area in the Figure 10 
Conclusion
This paper has provided the core of a methodology that can be used to estimate hazard zones for projectiles ricocheting off a wavy water surface. General trends identified in this report extend those from past work, 2 which used a simpler wave model and did not attempt to identify characteristics of the hazard zones themselves. The results, while indicative of general trends, are based on an aggregation of open source data and rely on simple ballistic and wave models. As such, they should be used to help develop an intuition of the expected nature of hazard zones but one would be advised to exercise caution before applying the results to an operational setting.
As with any modeling effort, the verification of data used as input and validation of the results with real data would be beneficial in building confidence. The authors have noted the difficulties associated with collecting this type of data but would be remiss if the practice of verification and validation was not mentioned here.
This work leaves a trail of salient questions and future work to investigate, including, but not limited to the following:
1. the risk areas of ricochet of other rounds across variable wave fields; 2. the effects of smaller choppier waves that are more realistic in at-sea conditions; and 3. the effects of precipitation, fog, wind, and other weather factors on the risk areas of ricochet.
